The authors describe a theoretical model and kinematic approach suitable for the numerical analysis of problems at large deformation finite strains and rotations. The presented formulations are implemented incrementally with a non-linear and rate-dependent constitutive model, adequate to the simulation of high temperature processes. The large deformation kinematic model is based on the additive decomposition of the transformation gradient and the strain rate tensor in thermoelastic and viscoplastic parts. Stress-strain relations leading to the constitutive equations governing finite deformations are formulated on an unrotated frame of reference. These relations are obtained either by polar decomposition of the transformation gradient or by the rotation increment method. Both approaches and algorithms are thoroughly compared and discussed. The flow rule is a function of the equivalent stress and the deviatoric stress tensor, of the temperature field and of a set of internal state variables. The increments of the state variables are calculated with a forward gradient time integration procedure, based on a numerical estimation of the integral of the strain rate tensor. The model was implemented in a threedimensional finite element code and tested with a set of tensile and shear tests on aluminium alloy specimens. In order to evaluate the performance of the numerical algorithms with elevated temperature processes, tests were done at temperatures ranging from room temperature to 580 K. Numerical simulation results are compared with experimental results and shown to be in good agreement. Real material behaviour is fairly well predicted and matches the experimental results obtained with different loading conditions at different temperatures.
Introduction
In the present days, the majority of metal products undergo hot-working at least during some part of their processing history. Hot-working, which includes operations such as rolling, forging, or extrusion, can be characterized by interrupted, non-isothermal, large deformations at high strain rates and elevated temperatures.
Mathematical modelling and numerical simulation techniques, often used to study the mechanical and thermal behaviour of metallic alloys, can lead to significant reductions in the cost/efficiency relation of both the design and the analysis of hot-working operations. However, in the referred conditions, the analysis of the constitutive behaviour of most metallic alloys is a relatively hard task. As an example, the kinetics of deformation of aluminium alloys is highly temperatureand rate-dependent [1] . Additionally, during such hot-working processes, and when in the presence of strain-hardening, the evolution of the internal structure of the alloy can lead to recovery, recrystallization and/or grain-growth phenomena. Consequently, the development of appropriate mathematical models (and the corresponding numerical implementation) can be a highly complex task [2, 3] . The majority of these complexities are due to the strong non-linearities of the available constitutive laws. Additionally, the coupling of both the mechanical and the thermal processes leads to an even higher degree of complexity in the mathematical modelling and numerical implementation stages.
Large deformations and rotations are often developed during most of the technological processes listed in previous paragraphs [4, 5] . Thus, the implementation of kinematic formulations appropriate to large deformations and rotations is mandatory. These formulations should be independent of the choice of frame of reference [6] . All field and constitutive relations must be covariant, i.e., they should remain invariant when formulated either in a spatial, material or any other convenient reference configuration.
The implemented hardening model, from the infinitesimal theory of plasticity, is extended to the large strain range on the basis of the following two assumptions: (i) the mathematical formulation is based in a hypoelastic model and (ii) it is assumed that the additive decomposition of the strain rate tensor in thermoelastic and viscoplastic parts remains a valid description for the whole deformation process.
The use of a hypoelastic law to model the material behaviour is common practice both in analytical and in numerical work [7, 8] . This is a perfectly appropriate approach when modelling metal behaviour because elastic strains remain small when compared to plastic deformations. Additionally, differences in the formulation of the elastic constitutive behaviour have little to no effect on the calculated solution [8] .
Several well known approaches can be used when performing the elastic-plastic decomposition of the deformation tensor. As an example, Green and Naghdi [9, 10] developed an additive decomposition of the Lagrange strain tensor into elastic and plastic parts. Afterwards, McMeeking and Rice [11] and Nagtegaal and DeJong [12] , among others, used an additive decomposition of the strain rate tensor, considering that the decomposition of the rate tensor is more realistic than the decomposition of the strain tensor itself [13] [14] [15] [16] [17] .
As a consequence, the main objective of the present work is to present a temperature-and rate-dependent constitutive model suitable for the simulation of the behaviour of aluminium alloys at elevated temperatures. The model is implemented with a kinematic approach specifically developed for large deformation processes. The development and implementation of the kinematic description in a finite element program is also presented and discussed.
Kinematics for large deformation continuum mechanics
Consider the two following configurations of a generic continuum media body W ( Fig. 1): (i) A reference configuration C 0 , corresponding to time instant t 0 and where the position of a generic material point P is defined by the position vector x 0 .
(ii) The current configuration C t , at time instant t, where the position of the same material particle is defined by the position vector x.
Then,
where u(x 0 , t) is the displacement vector of the material point P relative to the change of configuration from C 0 to C t . Thus, the displacement rate v, or velocity, of the reference point x 0 is the time derivative of the position vector, defined by For the transformation between configurations C 0 and C t the local strain in this material point is defined by the deformation gradient tensor F, that is
Relating Eq. (1) with the definition of the deformation gradient (Eq. (3)) leads to
where 1 is the second order identity tensor and o ox 0 uðx 0 ; tÞ defines the displacement gradient. The polar decomposition of the deformation gradient F can be obtained with either one of the following relations [18, 19] :
where V and U are the left and the right symmetric stretch tensors, respectively. Both these tensors are positive definite, i.e., V = V T and U = U T . R is the orthogonal rotation tensor which, by definition, verifies the following relations:
The two polar decomposition methods, described by relations (5) and (6), are schematically illustrated in Fig. 2 . An orthogonal frame of reference is defined, associated to each material point in the reference configuration C 0 , such that the motion relative to this frame is only due to deformation. For the RU decomposition and during the transformation from C 0 to C u the axes are considered to be spatial and invariant with deformation. However, during the transformation from C u to C t , the axes are changed to a material frame of reference in such a way that they rotate along with the body W at each material point. For the VR decomposition the axes follow the rotation of the transformation from C 0 to C u . Nevertheless, during the transformation from C u to C t , they are considered to be spatial axes because they are invariant with deformation. Stress and strain tensors, and their rates, are said to be defined in the unrotated configuration [20, 21] . The corresponding spatial velocity gradient tensor L is defined as
The velocity gradient tensor can be decomposed in a symmetric and an antisymmetric part. The symmetric part, D, is the strain rate tensor and the antisymmetric part, W, is the spin rate or vorticity tensor. Both D and W are instantaneous rates, defined as 
Stress objective rates
One of the major requirements in large deformation continuum mechanics is to achieve incremental objectivity, i.e., to maintain correct rotational transformation properties during the whole finite time step. When using an objective rate in the constitutive equations applied in a time-discretization procedure, the objectivity is achieved in small time steps. The Jaumann and the Green-Naghdi objective stress rate tensors are the ones with the widest range of application and are defined by the following expressions, respectively:
and
In the previous expressions, W is the spin tensor, already defined in Eq. (10) and X is the rotation rate tensor of the body W ðX ¼ _ RR T Þ. Tensors W and X are only identical when the principal axes of D coincide with the principal axes of the current stretch tensor, V. Such is the case of either simple extension and pure rotation. However, the use of the spin tensor W in Eq. (11) often leads to oscillatory, and thus unrealistic, responses. These responses are predicted for the finite shear problem [22, 23] .
In order to achieve objectivity in situations other than the small time-step discretisation, the authors reformulate the equations of the constitutive model in a co-rotational moving frame [13, 24, 17] .
Co-rotational moving frame
After generating a rotating frame of reference (co-rotational) and changing the frame from the fixed Cartesian axes to the generated co-rotational axes, the Cauchy stress tensor r becomes [7, 14, 16, 18] 
Differentiating the previous expression relative to time (t) leads to
Expression (14) states that, with a simple change of coordinates, the objective derivative becomes the time derivative of the stress tensor. This fact simplifies the whole numerical procedure. Consequently, if transformed to the unrotated configuration, the model becomes simple and evident. Additionally, the objectivity requirements are automatically verified [24, 25] .
Constitutive model
The transformation of the strain rate tensor D to the corresponding unrotated strain rate tensor,D, yieldŝ
Once the kinematic transformations have eliminated the rotation effects on the rate tensors, the stress updating procedures can be the same as the conventional and simpler small-strains formulation [14, 17] . The constitutive model adopted by the authors is based on the following physical ideas [26, 27] :
(i) Plastic deformation due to dislocation motion is inherently rate-dependent. Rate effects are due to thermal activation of various flow processes and, therefore, plastic flow is also intrinsically sensitive to temperature variations. (ii) The instantaneous response of the material can be determined by its current state (relative to the deformation history) and is represented by a set of internal and external state variables. The evolution of these state variables is assumed to be described by rate equations. 
where a is the coefficient of thermal expansion (CTE) of the material, _ T is the temperature rate and T 0 is a reference temperature.
Bearing in mind that r = C e : e for thermal-hipoelastic deformation, the elastic strain rate can be defined aŝ
where C e is the temperature-dependent elastic tensor
I is the fourth order identity tensor. Combining Eqs. (17)- (21), and assuming that the viscoplastic strain rate tensor is isochoric, i.e., trðD vp Þ ¼ 0, leads to
where j = k + 2/3l is the bulk modulus. Rearranging, one obtains
Flow rule
The constitutive equation forD vp , i.e., the flow rule, is [30, 31] 
In the previous relation,r 0 is CauchyÕs deviatoric stress tensor and r represents the von Mises equivalent stress, defined by the following two expressions, respectively:
The equivalent plastic strain rate, _ e p , is considered to be dependent on This dependence can be expressed, in general terms, by
The scalar parameter s accounts for the microstructural state of the material and its evolution is defined by the following relation [26, 27] :
where function hð r; s; T Þ is associated to dynamic processes such as strain-hardening and dynamic recovery. Function _ rðs; T Þ accounts for static recovery phenomena. In the present work, this last function, linked to static restoration/recovery effects, was not considered [27] . In order to represent both the power law and the exponential dependence of the strain rate on the stress, the adopted relation for _ e p is the following [26, 32] :
Additionally, the mathematical function associated to the dynamic processes is
where a P 1 is a material parameter and h 0 is the athermic-hardening constant. The scalar s * is a saturation value of the state variable s and is associated to a given temperature/strain rate pair. s * is defined by the relation
In Eqs. (30)- (32), A, Q, n, m, s and n are material parameters. Detailed procedures on the determination of these material parameters can be found, for example, in the works of Brown et al. [26] and Balasubramanian and Anand [33] .
Numerical implementation
The flow rule (Eq. (24)) must be integrated over time increment Dt [34] . At the start of the increment, state variables r n , s n and T n are known and their corresponding values at the end of the increment-r nþ1 , s n+1 and T n+1 -where t n+1 = t n + Dt, must be determined [35, 36] .
A forward gradient time integration procedure is implemented based on the estimation of the integration ofD vp over the current time increment Dt, in order to obtain the plastic strain increment [27, 28, 30 ]
This tensor is obtained with the generalized mid-point rule,
where 0 6 U 6 1. A first order Taylor approximation is used to determine the value ofD vp at increment n + 1, i.e.,
Considering the flow rule defined as in relation (24) 
where the increment of the equivalent viscoplastic strain rate, _ e vp ¼ f ð r; s; T Þ, can be given by
The viscoplastic strain increment Dê vp (Eq. (34)) becomes
where
One possible procedure that can be used to update the stress tensor is to rotate the increment of spatial deformation to the unrotated configuration. In order to perform this, it is imperative to calculate the rotation tensor R. To achieve this, two distinct methods are described, namely:
(i) The polar decomposition method [7, 23, 37, 38] , where R = FU À1 . (ii) The incremental rotation tensor method, where R = rR 0 (R 0 is the rotation tensor in the previous time increment) and r is the incremental rotation associated to the spin tensor W [5] .
The use of the first method is associated to the Green-Naghdi objective stress rate. The second method is related to Jaumann objective stress rate.
The computational effort required to perform the polar decomposition should be insignificant when compared to the effort needed by the solver. Nevertheless, it should be higher than the effort needed by the second method. Additionally, despite the higher number of calculations needed, the polar decomposition method should lead to more accurate results than the incremental rotation tensor method for the reason that its theoretical bases are stronger. This conjecture is made considering that, as the incremental rotation tensor method depends on the last rotation tensor calculated, there is a possibility of accumulation of incremental error. The algorithm corresponding to the polar decomposition method can be briefly described as follows:
(1) Compute the right Cauchy-Green tensor, C, and its square, C 2 , with respect to the reference configuration, as
(2) Determine the eigenvalues of C: k 
(4) Compute the inverse of U:
with c i " i=1,. . .,4 defined as
(5) Estimate R through:
The algorithm for the incremental rotation tensor method consists of only one step, which corresponds to updating the rotation tensor as R = rR 0 . The procedure used to calculate the incremental rotation tensor is described in Eq. (41) [39] .
. ð41Þ
Both methods, the polar decomposition and the incremental rotation tensor methods, should be performed in a mid-increment scheme, proposed by Hughes and Winget [40] , in which deformation rates are evaluated on the unrotated intermediate configuration.
Problem definition
The authors performed a set of numerical simulations in order to evaluate the suitability of the model to the simulation of the behaviour of some aluminium alloys at elevated temperatures. A set of numerical simulations was also performed in order to test the numerical algorithms leading to computation of the rotation tensor R.
All the finite element simulations were performed with a 99.5% aluminium alloy (AA1050-O commercial alloy). This particular aluminium alloy was selected because it does not have excessive solutes and precipitates [41] . Some material properties for this alloy are temperature-dependent. The elastic modulus and the Poisson and Lamé coefficients are given as, respectively [42] : 
where T is the temperature in Kelvin.
The material parameters used in the constitutive equations (24)- (32) were adapted from experimental tests performed by the authors. This experimental data has provided preliminary values which were subsequently adapted to the problem. The constitutive parameters are listed in Table 1 [42] .
For all three-dimensional simulations, a 3D hexahedric eight-node element was used. A detailed description of this finite element is not in the scope of this work but can be found, for example, in the works of Hughes [43] , Pinsky et al. [44] or Zienkiewicz and Taylor [45] .
The integration scheme used for this element is the one defined by Nakamura et al. [46] . The strain-displacement matrix B is replaced by B stab , defined by
where B dev and B dil are the deviatoric and dilatational parts of B, and B dil is determined by HughesÕs B method [43, 47] :
The B dil parameters are defined by the mean dilatation method [48] where
Although the use of B, and consequently B dil , prevents the exhibition of locking, this procedure can introduce spurious hourglass modes. The scheme described by Eq. (45) avoids this behaviour and reduces locking without increasing the computational cost. When H = 1.0 the full integration scheme results and when H = 0.0 the B method is obtained. It is wise to use H < 0.15 to avoid locking. In the following tests, H = 0.0 was used.
Experimental work
In order to validate the proposed models, experimental work was done concerning strain-hardening in proportional loading for uniaxial tension and simple shear, at different temperatures. For this purpose, aluminium alloy sheet samples, in the H14 condition, with 1 mm of thickness, and whose chemical composition is given in Table 2 , were used. The material was annealed at 618 K for 50 min in order to recrystallize the grain structure and obtain an average grain size under 30 lm. The AA1050-O sheet was deformed in uniaxial tension using specimens oriented with the rolling direction. The uniaxial specimen gauge length and width were 35 and 7.5 mm, respectively. The cross-head speed for the uniaxial tests was 2.1 mm min À1 , leading to a constant strain rate of about _ e ¼ 0:001 s À1 . Shear tests were also performed parallel to the rolling direction, at 0 . The shear strain was effectively imposed in a 60 · 3 (mm) area on 60 · 15 (mm) specimens. The cross-head speed for the shear tests was 3.6 mm min À1 . This speed was determined in order to lead to a shear strain rate of approximately 0.02 s À1 .
Results and discussion
A large set of numerical simulations and experimental tests was performed in the present work. As already referred, homogeneous uniaxial tensile and shear tests were chosen in order to evaluate the capabilities of the model and the validity of the model parameters at different temperatures.
Homogeneous uniaxial tension
A tensile strain rate of 0.001 s À1 was used in the calculations and adiabatic conditions were assumed. The simulations were performed on a model with identical geometry to the experimental specimens referred in Section 6.
Stress-strain curves obtained in the homogeneous uniaxial tension simulations are shown in Fig. 3 . As expected, uniaxial stress levels decrease with the increase of temperature and work-hardening is more accentuated for the lower temperatures.
From those results, it should be noted that the elastic portion of the stress-strain curve is extremely small, close to 0.1% of the tensile strain. Stress values are in the range of almost pure aluminium material and are lower than 120 MPa [41] , as expected. For comparison purposes, experimental results are also shown in Fig. 3 . It can be seen that the numerical results obtained with the constitutive model described at Section 3.1 and with the chosen parameters are quite accurate. However, accuracy is not good in the early stages of the test. This is probably due to a deficient determination of the material parameters. Nevertheless, there is a tendency for better accuracy at the higher temperature levels, which reflects the specific nature of the constitutive law implemented. Note that this constitutive model was specifically developed for hot-working/hardening [2, 3] .
Shear stress tests
Generally, homogeneous uniaxial tensile tests are not sufficient to characterize the constitutive behaviour of the material. In order to better evaluate the accuracy of the material parameters, obtained by curve-fitting procedures, already used in the uniaxial tensile tests, numerical simulations of shear tests were also performed at different temperatures. In order to obtain a shear strain rate of approximately 0.02 s À1 , as the experimental tests, the boundary condition speed for the shear tests simulation was 3.6 mm min À1 . The calculated shear stress-strain response, for several sets of temperature data, compared with corresponding experimental results, is shown in Fig. 4 .
The numerical model produces shear stress-strain responses in good agreement with the experimental results. From  Fig. 4 it can be seen that accuracy is good for shear deformation values under 0.15. On the other hand, accuracy is not so good for shear deformation values over 0.2. This fact shows that the process by which material parameters were determined should be improved.
Rotation analysis
A three-dimensional rotation can be defined in terms of the Eulerian angles (n, g, f). Defining 1 that n is the rotation about the x-axis, g is the rotation about the new y-axis (after n rotation) and f is the rotation about the z-axis (after n and g rotations), the rotation tensor can be easily determined as the product of three rotations, that is [49, 50] 
yielding, R ¼ C 1 C 3 À sinðfÞ sinðnÞ C 1 sinðnÞ þ sinðfÞC 3 À cosðfÞ sinðgÞ ÀC 2 C 3 À cosðfÞ sinðnÞ ÀC 2 sinðnÞ þ cosðfÞC 3 sinðfÞ sinðgÞ sinðgÞC 3 sinðgÞ sinðnÞ cosðgÞ 
With the matrix defined in Eq. (49) it is possible to obtain the angles between the rotating frames and the fixed cartesian axes. The rotation tensor is either calculated by the polar decomposition method or by the rotation increment method. Subsequently, it is used in expression (49) in order to obtain the Euler angles. For the homogeneous uniaxial tension test, the use of different co-rotational frames has no influence in the response of the flow rule to the applied solicitation and, consequently, in the results. This fact can be explained due to the total absence of rotations. The use of different co-rotational frames has a strong influence in the results whenever shear solicitations lead to strains above 80% [21, 22] . Thus, the numerical rotational configuration takes a major role when large rotations occur. Fig. 5 shows the use of the two different methods to calculate the rotation tensor in the shear test at room temperature. Both methods-the polar decomposition method and the rotation increment method-lead to the same values of the Euler angles. Angles n and f have no physical meaning because, in a shear test, there is only deformation in the Oxz plane. The value of g is very small because motion is almost all due to pure deformation. Thus, the frames remain almost invariant with deformation. For all strain values, the use of the different methods to calculate the rotation tensor has no influence in the results. With the bending test it is also possible to compare the accuracy of both methods, comparing the maximum beam deflexion and the calculated Eulerian angles. Fig. 6 shows the deflection and rotation results for a simple three-dimensional beam bent on its free end up to approximately 50% of its length.
The angles f and g have no physical significance because, when bending a beam, there is almost only deformation in the Oxy plane. The n curve (Fig. 6 ) represent the angle made by the beam through its length. Both the deflection and the Eulerian angle curves match perfectly for both methods. Consequently, both methods lead to results with good precision. Although the polar decomposition method has a stronger mathematical definition, the computer effort required for calculation with this algorithm is greater due to the need for more steps, when compared to the incremental rotation method. This computer effort becomes larger because it must be performed twice for each integration point and for each stress increment when a mid-increment scheme is adopted [40] .
Concluding remarks
Plastic behaviour of metals is influenced not only by the amount of plastic strain, but also by the strain rate and temperature at which strain occurs or is induced [33] . Strain rate history and temperature history effects become evident in experiments in which temperature is changed during the deformation process.
Using a relatively simple set of equations it is possible to model the plastic deformation of a material over a wide range of temperatures.
The relations described on Section 3.1 provide an approximate set of constitutive equations which may be used to study material behaviour from room temperature up to hot-working temperature. The calculations of the rotation tensor were made by the polar decomposition and the rotation increment methods. Both methods revealed suitable to solve the problems discussed in this work.
The model characterizes fairly well real material behaviour and duplicates the experimental results obtained with different solicitations and temperatures.
The material parameters necessary for the constitutive model were determined fitting experimental data obtained by the authors. Elevated temperature experiments are currently being performed to further refine the constitutive equations and the constitutive equation parameters.
